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 The permanence and durability of mechanical and structural elements with discontinuities such as 
cracks and voids require the calculation of SIF (stress intensity factors) with reasonable fidelity. SIF 
is a crucial parameter that predicts crack growth and failure behavior by quantifying the stress field 
neighboring the crack tip. Therefore, understanding the sophisticated characteristics of the stress fields 
in the vicinity of discontinuity requires an effective way of calculating SIFs. Currently, there are 
numerous methods to calculate SIF, such as FVM (Finite Volume Method), FEM (Finite Element 
Method), BEM (Boundary Element Method), XFEM (Extended Finite Element Method), Phase field 
method and Meshfree methods. For an extended period, FEM is one of the leading methods in solving 
fracture mechanics problems. Though FEM is quite robust in dealing with several engineering 
problems, it has got its inherent drawbacks to deal with singular fields like discontinuities. Hence to 
reasonably capture moving discontinuities, finer meshes near the discontinuous field are required that 
demand more computation effort and time. To alleviate the above drawback of FEM, this study 
employed Extended Isogeometric Analysis (XIGA) to efficiently and effectively determine the SIFs 
in the case of fissured plates as benchmarking fissure problems. In this study SIFs in relation to crack 
length were examined for edge and center cracked plates and results were compared with the 
theoretical values.  

© 2025 Growing Science Ltd.  All rights reserved. 
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stress intensity factors  
Finite Volume Method 
Finite Element Method 
Boundary Element Method 
Extended Finite Element Method 
Extended Isogeometric Analysis 
Isogeometric Analysis 
the ith knot, i represents the knot index,  
the order of the polynomial  
the number of basis functions 
An ith B-spline basis functions 
The curves of the Rational B-spline 
Control points 
NURBS basis function 
Weights of the control points 
Traction surface  
Non-Uniform Rational B-Splines  

Γc 
Γu 
σ 
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t ̅

D  
ε 
K 
f 
u 
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H(ξ) 
βα 
aj 
bkα 

Traction free boundary 
Displacement surface traction 
Cauchy stress tensor 
body force per unit volume  
traction vector 
Constitutive matrix. 
Strain tensors 
Global stiffness matrix,  
The force vector  
Displacement vector 
Jacobian matrix 
Heaviside function 
Crack tip enrichment functions.  
Extra degrees of freedom for crack face  
Extra degrees of freedom for crack tip 
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1. Introduction 
      

      Fracture is a critical failure mode in engineering and responsible for structural failure of many catastrophic accidents in 
various engineering installations result from the presence of defects like micro-cracks and voids. Therefore, a deep 
understanding of fracture mechanics is crucial. The determination of SIFs is recognized as a significant accomplishment in 
the domain of LEFM (Linear Elastic Fracture Mechanics). The concept of SIF was initially introduced by Irwin in 1957 Irwin 
(1957), building upon the work of Griffith (1921). Irwin's research revealed that the SIF is a critical parameter that 
characterizes the stress field near the crack tip. Through his research, Irwin uncovered the significance of SIFs as central 
parameters that delineate the stress state in the neighborhood of crack tip. SIF also provides information about the direction 
and speed of crack propagation, making it useful for determining crack growth rate. The SIF depends on factors such as crack 
size, crack location, specimen geometry, and the magnitude and distribution of the applied load (Pais, 2011). Understanding 
this important parameter allows for predicting crack growth rate and residual strength of damaged structures, ensuring the 
safe operation of machines and structural components despite surface and internal flaws Kastratovic et al. (2018). Numerous 
approaches have been devised to ascertain SIFs, encompassing analytical solutions, experimental methodologies, and 
numerical techniques. A very good account of the analytical and finite element-based methods was compiled by Sih (1973). 
Analytical solutions are tend to focus on simple crack geometries and loading conditions, and they often rely on idealized 
assumptions that may not accurately represent real-world situations Tada et al. (2000). Experimental methods involve 
measuring parameters such as crack opening displacements or crack growth rates under controlled loading conditions. While 
these methods provide valuable data, they can be time-consuming and costly, especially when dealing with complex 
geometries or high-stress environments. 
 
     Numerical techniques, such as FEM, have become increasingly popular for determining SIFs. The FEM enables the 
modeling of intricate crack geometries and loading conditions, thereby offering realistic depiction of practical situations. By 
dividing the structure into finite elements and solving the governing equations, FEM has the competence to calculate SIF but 
encounters challenges, including mesh generation, accurate crack modeling, and precise extraction of the stress singularity. 
To circumvent the above challenges of FEM, advanced computational techniques like XFEM, Belytschko and Black (1999); 
Moes et al. (1999); Menk and Bordas (2011); Singh et al. (2012); Bouhala et al. (2013); Zeleke et al. (2021) phase field 
method, Miehe et al., (2010, a); Miehe et al., (2010, b); Borden et al., (2012), Isogeometric Analysis (IGA), Hughes et al. 
(2005), Nguyen et al. (2015) and Meshfree methods, Belytschko et al. (1994, a), Belytschko et al. (1994, b), Lu et al. (1994), 
Liu et al. (1995), Rabczuk and Belytschko (2004), Ching and Yen (2005), Gu et al., (2011), Lee et al. (2016) have been 
employed. XIGA has emerged as a powerful alternative to the finite element method (FEM) for solving fracture mechanics 
problems. While FEM is a robust technique, it struggles to accurately capture singular fields and discontinuities, requiring 
fine meshes that increase computational demands. To address this limitation, this study employed XIGA to efficiently and 
effectively determine stress intensity factors (SIFs) for cracked plates. The investigation examined SIFs in relation to crack 
length for both edge-cracked and center-cracked plates, and the results were compared against theoretical values. 
 
1.1 Isogeometric Analysis  
 
     Isogeometric analysis (IGA) is a computational technique that integrates CAD with FEA to enhance the precision and 
effectiveness of numerical simulations. Hughes and his colleagues introduced IGA as a novel computational mechanics 
approach in 2005 (Hughes et al., 2005). Traditionally, FEA uses polynomial approximations, like linear or quadratic elements, 
to represent the geometry of an object or structure, while CAD systems rely on NURBS or other spline representations for 
complex shapes. The aim of IGA is to bridge the gap among CAD and FEA by employing identical basis functions such as 
NURBS, to represent the geometry and approximate the solution fields in FEA. This eliminates the need for geometric 
conversion or approximation steps, as the same geometry representation can be used for both design and analysis.  
 
     Since its introduction, IGA has had a significant impact on the field of computational mechanics. Its integration of CAD 
and FEA has stimulated advancements in geometric modeling and numerical simulation. The method has gained widespread 
adoption and citation in numerous research papers, conference proceedings, and books. It’s potential to enhance accuracy and 
efficiency in numerical simulations, particularly for problems involving complex geometries, has attracted considerable 
attention from the scientific community. Over the years, IGA has found applications in various disciplines, including structural 
mechanics, fluid dynamics, electromagnetics, and multiphysics problems. Its ability to seamlessly integrate CAD and FEA 
has made it an appealing choice for researchers and engineers working on problems with geometric complexities. Fig. 1 and 
Fig. 2 below illustrate the increasing trend in the number of published articles and citations received between 2006 and 2024, 
showcasing the growing significance of IGA in the field. 
 
      In the past decade, several studies have employed XIGA to address various engineering problems. Gu et al. (2019) 
developed an adaptive XIGA approach to investigate fracture mechanics of cracked orthotropic composite structures. Yang 
et al. (2020) used XIGA based on PHT-splines to study vibration and buckling of functionally graded material plates with 
cracks and cutouts. Bhardwaj et al. (2021) employed XIGA for thermo-elastic analysis of cracks in functionally graded 
materials. Later, Fang et al. (2021) utilized an adaptive XIGA approach to investigate the thermal buckling of functional 
graded plates with flaws. Recently, Shoheib (2023) proposed XIGA using NURBS-based Bezier extraction to evaluate stress 
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intensity factors for surface cracks in pipeline welds. Very recently, Zhong et al. (2024) developed a 3D rotating cracked blade 
model using XIGA with enriched elements to represent crack surfaces and singularities. 
 

 
Fig. 1 Number of IGA Articles (2006-2024) (Source: web of science database). 

 

 
Fig. 2. Number of Citations of Hughes et al., (2005) (2006-2024) (Source: Google Scholar). 

 
2. Numerical implementation and Governing Equations 
  
2.1 Basis Function  
 
      B-spline is a type of curve that is represented by a collection of control points and is created using piecewise polynomial 
functions. Unlike interpolating curves, B-splines do not require to pass through all the control points. Rather, they are 
determined by a collection of control points that impact the overall shape of the curve. B-spline curve is constructed using a 
sequence of polynomial basis functions, each possessing a specific degree. 
 
      In this section, we will provide a brief explanation of B-spline basis functions. The computation of these basis functions 
often employs the recursion formula of Cox-de Boor. To create a B-pline, the initial step is to define a knot vector Ξ that 
represents a sequence of parameter values arranged in ascending order and is determined by a set of coordinates, which can 
be expressed as follows (Hughes et al., 2005; Nguyen et al., 2015; Jameel & Harmain, 2019; Ghorashi et al., 2012): 
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{ }121 ,, ++=Ξ pnξξξ   (1) 
 
where ξi(i = 1,2,⋯⋯ n + p + 1) symbolizes the ith knot, n designates the number of basis functions, p signifies polynomial 
order and i represents the knot index. Now we can define the shape functions in a recursive manner for p = 0 as follows 
(Hughes et al., 2005; Nguyen et al., 2015; Jameel & Harmain, 2019; Ghorashi et al., 2012): 
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     Eq. (3) is known as the recursion formula of Cox de Boor. 
 
    The derivatives of the basis function are Ghorashi et al., (2012): 
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    The curves of the Rational B-spline are determined by 1+n control points and given as:  
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where [ ]iii YXB ,  represents the control points' coordinates in 2-D and ( )ξpiR ,  are NURBS shape function and given as: 
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where iw denotes control points’ weights and ( )ξpiN ,  are the B-spline shape function of the  pth order. 
 

2.2 Isogeometric discretization 
 

     Consider a 2-D domain Ω confined by the surface Γ as shown in Fig. 3. The boundary is segmented in to traction surface

tΓ , traction free boundary cΓ  and the displacement surface traction boundary uΓ . 

 
Fig. 3.  A two-dimensional continuum with boundary and loading conditions 

 
     The equilibrium equation along with the BCs for any deformable can be written as 

0=+⋅∇ bσ  Ωin    (7) 

tn =⋅σ     tΓon  (8) 
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0=⋅nσ     cΓon  (9) 

 where; σ  represents Cauchy stress tensor, b denotes body force per unit volume and t represents traction vector. For 
elastic material the stress and strain tensors are related by 

εDσ =  (10) 

where D represents the material matrix. The weak form of Eq. (7) is written as 

∫∫∫
ΓΩΩ

Γ+Ω=Ω
t

tddd u:tu:bεσ :  (11) 

      Discretization of Eq. (11) results: 
 
[ ]{ } { }fuK =  (12) 

 
     In the provided context, the global stiffness matrix, force vector, and displacement vector are represented by the symbols 
K, f, and u, respectively. To obtain the force vector f and stiffness matrix K, they are formed by combining the element force 
vector and the element stiffness matrix according to the following technique: 
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       R(ξ) denotes vector of NURBS shape functions Ri, (i = 1,2,⋯⋯ , nen) in the domain of ξ = (ξ1, ξ2) and are elucidated 
in the form of B-matrix as: 
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      The number of DOF is represented by ( ) ( )11 +×+= qpnen . The variables p and q represent the curve orders in the 

21 ξξ and  directions, respectively. The displacement representation hu  and spatial coordinates ( )21, XXX = are 

obtained for a specific point ( )21,ξξξ =  in parametric coordinates as follows (Ghorashi et al. 2012):  
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where uidenotes value of the ith component of the vector u, derived from the solution of Eq. (12). Before calculating the 
spatial derivatives of basis functions

1, XiR and
2, XiR it is essential to compute the Jacobian matrix (J) as: 
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      The shape functions' derivative with respect to the spatial coordinates can be found using the following procedure: 

  (19) 
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2.3  Extended Isogeometric Analysis (XIGA) 
 

     XIGA extends the capabilities of IGA by introducing additional enrichment techniques to address crack modeling and 
stress singularity factor computations. The enrichment functions are introduced to improve the representation of crack 
behavior and accurately capture stress concentrations near crack tips. Inspired by the XFEM enrichment functions (Belytschko 
& Black, 1999; Moes et al., 1999), such as the generalized Heaviside functions, XIGA can be employed to accurately model 
crack growth problems.  
 
2.4 XIGA approximations for cracks  
 
     The estimation of the displacement field within the framework of XIGA can be presented as follows to model crack edges 
and tips De Luycker et al., (2011):  
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where H(ξ) represents the Heaviside function, while βα  denotes the crack tip enhancement functions. Vectors aj  and bkα 
represents the additional DOF linked to the modeling of the crack face and crack tip, respectively. The ncf corresponds to 
number of nen basis functions that solely encompass the crack face within their support domain and nct denotes the count of 
basis functions that are related to the crack tip within their influential domain. The Heaviside function, denoted as H(ξ), takes 
on a value of +1 when the physical space that correspond to the natural coordinates ξ are positioned above the crack, and on 
the opposite side of the crack discontinuity, it takes -1. According to Moes et al. (1999) the Heaviside function is given by: 
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      The crack tip enrichment functions, as defined in reference (Moes, et al., (1999), are used to enhance the representation 
of the crack tip. 
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      In the local coordinate system of the crack front, the polar coordinates are represented by r and θ. These coordinates 
describe the position of points relative to the crack and can be determined using the following expression: 
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      In Eq. (20), the first term on the right-hand side calculates the displacement field using the classical approximation in 
Isogeometric Analysis (IGA). The remaining terms serve as enrichments to accurately model a crack. When dealing with a 
crack, the matrices k and f in Eq. (12) are derived by utilizing the approximation function defined in Eq. (20) as 
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    Here, Ri

T symbolizes the NURBS basis function, and Bi
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basis function derivatives and are given by:  
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where,α = 1,2,3,4 and r, s =  u, a, b, c, d 
 

(37) 

3. Result and discussion 
 
3.1 Model Geometry, Boundary Conditions and Material Properties of Plate 
 
      To demonstrate the reliability and effectiveness of XIGA in evaluating Stress Intensity Factors (SIF), we conducted an 
analysis on specimens with single-edge, center, and double-edge cracks shown in the Fig. (5). In Fig. (5), the top edge 
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experiences a tensile load of MPao 100=σ , while the bottom edge is fixed in the y direction. The dimensions and material 
properties of the specimens are provided in Table 1. 
 
Table 1. Dimensions and material attributes 

Geometric Properties Material Attributes 
Length (L) = 1 cm,  
Height (2D) = 2 cm,  

Modulus of Elasticity (E) = 200 × 103GPa  
Poisson’s ratio (𝜈𝜈) = 0.3 

  
3.2 Single Edge Crack modeling using XIGA  
 
      In this first example, we examined a plate that contains a crack along one of its edges and is subjected to tensile loading, 
as depicted in Fig. 4. 

 
Fig. 4 Single edge crack boundary conditions and Dimensions   

 
      In this study, we applied XIGA to investigate the relationship between SIF I (KI) and crack length. The results obtained 
from XIGA were compared with those from XFEM and a closed form solution presented in reference Tada et al. (2000). The 
closed form solution used in the comparison is given by the equation: 
 

KI = 𝑓𝑓σo√π𝑎𝑎 (38) 
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where f  is an empirical function, σo represents the applied tensile load, L is the plate width and 𝑎𝑎 denotes the crack length. 
 
       

 
Fig. 5 Comparative study on the variation of SIF KI with crack length 
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      Fig. 6 presents the results for the model with a single-edge crack, demonstrating good agreement between the results 
obtained by XIGA with those from XFEM, and the closed form solutions. Furthermore, we evaluated the normalized SIF 
values and compared them with those from XFEM and the literature Yan (2007). The comparison, as depicted in Fig. 7, shows 
close agreement with minimal error. These findings indicate a positive correlation between the different solution methods, 
with a maximum error of 0.57%. Therefore, we conclude that XIGA is capable of capturing stress and deformation fields at 
the crack tips with reasonable accuracy. 
 

  
a) Normalized SIF with normalized crack length 

 
b) Percentage error comparison 

Fig. 6 Comparison of SIF values from different methods 
 
     Additionally, Fig. 7 illustrates the error estimation and convergence of mode-I SIF as a function of number of nodes. The 
plot confirms that as the number of nodes increases, the analytical value is approached, and the percentage error decreases. 
 

 
a) Convergence of KI as the number of nodes 

increased 

 
b) Percentage error with respect to number of nodes 

Fig. 7 Convergence of KI values from XIGA to closed form solution as a function of number of nodes 
 
      In this example we also conducted a parametric study on SIF KI for different values of applied load (σo) to establish the 
effectiveness of XIGA.  A plot of SIF against the applied load (σo)  is shown in Fig. 8 below. The results obtained from 
XIGA show a strong agreement with the closed-form solutions Tada et al. (2000).  
 
     The plot of stress contours σxx,σxy,σyy  and displacement contour are illustrated in Fig. 9 (a), (b), (c) and Fig. 9(d) 
respectively. As it is expected maximum stress fields are observed at the crack tip and maximum displacement field is at the 
top left edge. 
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Fig. 8 Correlation between KI and tensile stresses for a single edge cracked plate 
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Fig. 9. Stress and displacement contour for an edge cracked plate 
 
3.3 Double Edge Crack modeling using XIGA  
 
     In this analysis, we investigate a tension plate featuring a double-edge crack, as illustrated in Fig. 10. The loading condition 
and material properties are consistent with those used in example one. 

 
Fig. 10. Double edge crack boundary conditions and Dimensions   
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      We explored how the Stress Intensity Factor I (KI) varies in relation to the crack length through our analysis employing 
XIGA. The obtained results are compared with a closed form solution from reference Tada et al. (2000) as follows:  
  

KI = 𝑓𝑓σo√π𝑎𝑎 (40) 

𝑓𝑓 = 1.12 + 0.43 �
𝑎𝑎
L
� − 4.79 �

𝑎𝑎
L
�
2

+ 15.46 �
𝑎𝑎
L
�
3
 (41) 

 
      Upon observing Fig. 11, it is evident that the results obtained from XIGA align satisfactorily with the analytical solutions 
Tada et al. (2000). 

 
Fig. 11. variation of SIF KI with crack length 

 
      We also examined the effect of the applied load (σo) on SIF KI, as illustrated in Fig. 12 to demonstrate the usefulness of 
XIGA. In Fig. 12, the SIF is plotted against the applied load (σo). The results obtained from XIGA exhibit good agreement 
with the analytical solutions presented in reference Tada et al. (2000). 
 

 
Fig. 12. variation of KI with tensile stresses for a double edge cracked plate 

 
     Furthermore, Fig. 13 (a), (b), (c), and Fig. 13(d) display the stress contours σxx,σyy,σxy and displacement respectively. 
As anticipated, the stress-fields are highest at the crack-tip, while the displacement field reaches its maximum at the top edge. 
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Fig. 13. Stress and displacement contour for double edge cracked plate  
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3.4 Center Crack modeling using XIGA 
  
      In this particular case, we examine a tension plate featuring a crack positioned at the center, as illustrated in Fig. 14. The 
loading condition and material properties are similar to those in examples one and two.  

 
Fig. 14 Central crack boundary conditions and Dimensions   

 
     Through the use of XIGA, we analyze the relationship between the Stress Intensity Factor I (KI) and the crack length. The 
closed form solution for KI is approximated from reference Tada et al. (2000) as follows: 
 

KI = 𝑓𝑓σo√π𝑎𝑎 
 (42) 

𝑓𝑓 = �sec
π𝑎𝑎
W

 (43) 

 
     The results obtained from XIGA demonstrate a strong agreement with the analytical solutions Tada et al. (2000) as it is 
shown in Fig. 15. 

 
Fig. 15 variation of SIF KI with crack length 

 
      Additionally, we examine the effect of the applied load (σo) on SIF KI, as illustrated in Fig. 16, to demonstrate the 
usefulness of XIGA. In Fig. 16, the SIF is plotted against the applied load (σo).  It is evident that the results obtained from 
XIGA align well with the analytical solutions (Tada et al., 2000). 

 
Fig. 16 variation of KI with tensile stresses for centrally cracked plate 
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      Moreover, Fig. 17 (a), (b), and Fig. 17 (c) show the stress contours σxx,σyy and σxy respectively. As expected, the stress 
fields are highest at the crack tip. 
 

σxx 

 
a 

σyy 
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σxy 

 
c 

Fig. 17. Stress and displacement contour for centrally cracked plate 
 
 

3.5 Edge Crack in Shear Loading using XIGA 
 
     This example demonstrates the versatility of XIGA approach in dealing with the mixed-mode SIFs KI and KII. An edge-
cracked plate subjected to a uniform shear stress of τ = 100 MPa, as shown in Fig. 18, has been examined using similar 
geometry and material properties as in the previous example. 

  
Fig. 18. Edge-cracked plate with boundary conditions and Dimensions 

 
     Fig. 19 below shows the mixed mode SIF results (KI and KII) against the crack size from the analysis of an edge cracked 
plate subjected to shear using XIGA. As the crack moves the both KI and KII increase as we expect.  
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Fig. 19. Mixed-mode SIFs result from XIGA against crack length  

100

150

200

250

300

350

400

0 10 20 30 40 50

St
re

ss
 In

te
ns

ity
 F

ac
to

r K
I (

 M
Pa

-√
m

)

Crack Length (mm)
0

10

20

30

40

50

60

0 10 20 30 40 50

St
re

ss
 In

te
ns

ity
 F

ac
to

r K
II

 ( 
 M

Pa
-√

m
)

Crack Length (mm



 138 

      Fig. 20 illustrates the convergence of mode-I (KI) and Mode II (KII) SIFs as a function of number of nodes. The plot 
confirms that as the number of nodes increases, the analytical value is approached. 

  
c) Convergence of KI as the number of nodes 

increased 

 
d) Convergence of KII as the number of nodes 

increased 

Fig. 20. Convergence of KI and KII values from XIGA as a function of number of nodes 
 
       The example also examines the effect of the applied shear stress (τ) on the stress intensity factor (SIF) KI, as illustrated 
in Fig. 21. This demonstrates the usefulness of the XIGA approach. In Fig. 21, the SIF is plotted against the applied shear 
stress (τ). The results obtained from the XIGA analysis align well with the analytical solutions of Tada et al. (2000), 
highlighting the accuracy and reliability of the XIGA approach. 
 

 
Fig. 21. variation of KI with shear stresses for edge cracked plate 

 
       

     𝜎𝜎𝑥𝑥𝑥𝑥  

 
a 

𝜎𝜎𝑦𝑦𝑦𝑦 

 
b 

𝜎𝜎𝑥𝑥𝑥𝑥 

 
c 

 

d 

Fig. 22 Stress and displacement contour for an edge cracked plate in shear  
 
       Additionally, Fig. 22(a), (b), and Fig. 22(c) showcase the stress contour plots for the normal stress components 
σxx and σyy as well as the shear stress component σxy respectively. As we expect based on the fundamental principles of 
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fracture mechanics, the stress fields are expected to reach their peak values in the immediate vicinity of the crack tip region. 
This is a well-established phenomenon, as the presence of a crack tip introduces a localized stress singularity, leading to the 
elevated stress levels in that critical area of the structural component. 

 
4. Conclusion  

      In this study, we employed XIGA to analyze tension plates with single-edge, center, and double-edge cracks. NURBS 
basis function has been implemented for the geometry and solution. The results obtained from XIGA were compared with 
analytical solutions, results from literatures and XFEM, demonstrating the reliability and effectiveness of XIGA in evaluating 
Stress Intensity Factors (SIF). The agreement between XIGA, XFEM, and the closed form solutions was found to be excellent, 
with minimal error. This indicates that XIGA is capable of accurately capturing stress and deformation fields at crack tips. 
Additionally, a parametric study on SIF KI for different applied loads further confirmed the effectiveness of XIGA. The stress 
contours and displacement fields obtained from XIGA were consistent with expectations, with maximum stress observed at 
the crack tip and maximum displacement at the top edge. Based on the positive outcomes of this study, we recommend the 
utilization of XIGA for analyzing stress and deformation fields in cracked plates. Its accurate determination of Stress Intensity 
Factors makes it a valuable tool in fracture mechanics studies. Researchers and engineers can confidently rely on XIGA to 
obtain reliable results and gain insights into the behavior of cracked structures.  
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